Abstract. Let X be a projective variety admitting a polarized (or more generally, intamplified) endomorphism. We show: there are only finitely many contractible extremal rays; and when X is Q-factorial normal, every minimal model program is equivariant relative to the monoid SEnd(X) of all surjective endomorphisms, up to finite index.
endomorphisms f was first defined by Krieger and Reschke (cf. [14] ). Fakhruddin showed that such f has a countable Zariski-dense subset of periodic points (cf. [9, Theorem 5.1 
]).
We refer to [13] for the definitions of log canonical (lc), klt or terminal singularities. A sequence X = X 1 X 2 · · · of log MMP (= log minimal model program) consists of the contraction X i X i+1 of a (K X i + ∆ i )-negative extremal ray for some log canonical pair (X i , ∆ i ) with ∆ i being an R-Cartier effective divisor, which is of divisorial, flip or Fano type. An MMP is a log MMP with ∆ = 0. We refer to [ that this case will never happen if we assume X admits a polarized (or int-amplified)
endomorphism (see also Theorem 4.5 for a more general result).
Let SEnd(X) be the set of all surjective endomorphisms on X.
Theorem 1.1 below says that every finite sequence of MMP starting from a Q-factorial normal X is equivariant (cf. Definition 2.1) relative to SEnd(X), up to finite-index. Note that SEnd(X) is usually a huge infinite set; and also the image h * (R) of a K X -negative extremal ray R in the closed effective 1-cycle cone NE(X) under a map h ∈ SEnd(X), may not be K X -negative anymore. So we have to deal with general (not necessarily K X -negative) contractible extremal rays R of NE(X) in the sense of Definition 4.1. Our Theorem 1.1 below asserts the finiteness of these rays R, without even assuming K X being Q-Cartier. Theorem 1.1. (cf. Theorems 4.5 and 4.7) Let X be a (not necessarily normal or QGorenstein) projective variety with a polarized (or int-amplified) endomorphism. Then:
(1) X has only finitely many (not necessarily K X -negative) contractible extremal rays in the sense of Definition 4.1.
(2) Suppose X is Q-factorial normal. Then any finite sequence of MMP starting from X is G-equivariant for some finite-index submonoid G of SEnd(X).
We extend the results in [18] and [17] about equivariant MMP from being relative to a single polarized or int-amplified endomorphism to the whole SEnd(X) up to finiteindex. When X is a point, every endomorphism of X is regarded as being polarized. A normal projective variety X is said to be Q-abelian if there is a finite surjective morphism π : A → Xétale in codimension 1 with A being an abelian variety. Theorem 1.2. Let f : X → X be an int-amplified endomorphism of a Q-factorial klt projective variety X. Then there exist a finite-index submonoid G of SEnd(X), a Qabelian variety Y , and a G-equivariant (cf. Definition 2.1) relative MMP over Y X = X 0 · · · X i · · · X r = Y (i.e. g ∈ G = G 0 descends to g i ∈ G i on each X i ), with every X i X i+1 a divisorial contraction, a flip or a Fano contraction, of a K X i -negative extremal ray, such that:
(1) There is a finite quasi-étale Galois cover A → Y from an abelian variety A such
(2) If g in G is polarized (resp. int-amplified), then so are its descending g i on X i and the lifting to A of g r on X r = Y .
(3) If g in G is amplified and its descending g i on X i is int-amplified for some i, then g is int-amplified.
(4) If K X is pseudo-effective, then X = Y and it is Q-abelian. Let Pol(X) be the set of all polarized endomorphisms on X, and let IAmp(X) be the set of all int-amplified endomorphisms on X. In general, they are not semigroups, i.e., they may not be closed under composition; see [17, Example 10.4] . When X is rationally connected and smooth, Theorem 1.4 below gives the assertion that if g and h are in Pol(X) (resp. IAmp(X)) then g M • h M remains in Pol(X) (resp. IAmp(X)) for some M > 0 depending only on X. For general X, Corollary 1.3 says that the same assertion on X is reduced to that on the base of the end product Y of the MMP starting from X, or the quasi-étale abelian variety cover A of Y . Corollary 1.3. We use the notation and assumption in Theorem 1.
A. Then we have:
(I) Suppose both g * , h * are diagonalizable on NS C (X) (resp. both g * , h * are diagonalizable on NS Q (X); both g, h are in Pol(X); one of g, h is in IAmp(X)). Then (Ia) and (Ib) below are equivalent.
(II) τ Y is in Pol(Y ) (resp. IAmp(Y )) if and only if τ A is in Pol(A) (resp. IAmp(A)).
(III) Suppose that both g * and h * are diagonalizable on
By the results in [18] and [17] , we know that the building blocks of polarized (or more generally int-amplified) endomorphisms are those on Abelian varieties and rationally connected varieties. Indeed, if X has mild singularities, is non-uniruled and admits a polarized (resp. int-amplified) endomorphism, then X is a Q-abelian variety: there is a finite Galois cover A → Xétale in codimension one such that f lifts to a polarized (resp. int-amplified) endomorphism on the abelian variety A; if X is uniruled, then a polarized (resp. int-amplified) f descends to a polarized (resp. int-amplified) endomorphism on the base Y of a special maximal rationally connected fibration X Y , and Y is non-uniruled, hence it is a Q-abelian variety; see [18, Proposition 1.6] , [19, Corollary 4.20] . Therefore, the essential building blocks we have to study are those polarized (resp. int-amplifed) endomorphisms on rationally connected varieties.
Our next Theorem 1.4 gives the structure of the monoid SEnd(X) for a rationally connected X. The second assertion below says that the surjective endomorphisms on a rationally connected variety admitting a polarized (or int-amplifed) endomorphism, act as diagonal (and hence commutative) matrices on the Neron-Severi group, up to finite-index.
Though Pol(X) and IAmp(X) may not be subsemigroups of SEnd(X), the third and fourth assertions below say that they are semigroups "up to finite-index"; it also answers affirmatively [22, Question 4.15] , "up to finite-index", when X is rationally connected and smooth. By Example 1.7, this extra "up to finite-index" assumption is necessary.
The fourth assertion below also says that the pullback action of SEnd(X) on NS Q (X)
is determined by that of IAmp(X), up to finite-index (hence the importance of studying int-amplified endomorphisms). For a subset S of a semigroup H and an integer M ≥ 1,
Theorem 1.4. (cf. Theorem 6.2) Let X be a rationally connected smooth projective variety admitting a polarized (or int-amplified) endomorphism f . We use the notation X = X 0 · · · X r = Y and the finite-index submonoid G ≤ SEnd(X) as in Theorem 1.2. Then there is an integer M ≥ 1 depending only on X such that:
(1) The Y in Theorem 1.2 is a point.
is a commutative diagonal monoid with respect to a suitable Q-basis
is a subsemigroup of G, and consists exactly of those g in G such that
(4) G ∩ IAmp(X) is a subsemigroup of G, and consists exactly of those g in G such
Let Aut(X) be the group of all automorphisms of X, and Aut 0 (X) its neutral connected component. By applying Theorem 1.4, we have the following result. (1) Aut(X)/ Aut 0 (X) is a finite group. More precisely, Aut(X) is a linear algebraic group (with only finitely many connected components).
(2) Every amplified endomorphism of X is int-amplified. (1) The assumption of X being rationally connected smooth in Theorems 1.4 and 1.5
can be weakened as in Theorems 6.2 and 6.3.
(2) Let X be a projective variety with f ∈ IAmp(X) and g ∈ SEnd(X). Then both
However, this N may depend on f and g.
We define endomorphisms f, g on X as:
. Clearly, f and g are then 2-polarized, but h is not int-amplified. Note also that the set of preperiodic points of f and g are the same.
The difference with early papers. In [18] for polarized f ∈ SEnd(X) and [17] for int-amplified f , it was proved that the single f , replaced by a power, fixes a K X -negative extremal ray. In this paper, we prove that there are only finitely many (not necessarily K X -negative) contractible extremal rays. This guarantees the MMP is SEnd(X)-equivariant; and even the whole monoid SEnd(X) (all up to finite-index) is diagonalizable (and hence commutative) over NS Q (X) when X is smooth rationally connected.
Even when X has Picard number one, the following question is still open when n ≥ 4. Question 1.8. Let X be a rationally connected smooth projective variety of dimension n ≥ 1 which admits a polarized endomorphism. Is X (close to be) a toric variety?
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Preliminaries
Throughout this section, we work over an arbitrary algebraically closed field k.
Terminology and notation. Let X be a projective variety. A Cartier divisor is always integral, unless otherwise indicated.
Let n := dim(X). We can regard N 1 (X) := NS(X) ⊗ Z R as the space of numerically equivalent classes of R-Cartier divisors. Denote by N r (X) the space of weakly numerically equivalent classes of r-cycles with R-coefficients (cf. [18, Definition 2.2]). Denote by NE(X) the cone of the closure of effective real 1-cycles in N 1 (X). When X is normal, we also call N n−1 (X) the space of weakly numerically equivalent classes of Weil R-divisors.
In this case, N 1 (X) can be regarded as a subspace of N n−1 (X) (cf. [24, Lemma 3.2] ). For
be a finite sequence of dominant rational maps of projective varieties. Let f :
be a surjective endomorphism. We say the sequence ( * ) is f -equivariant if the following diagram is commutative
where f 1 = f and all f i are surjective endomorphisms. Let G be a subset of SEnd(X).
We say the sequence ( * ) is G-equivariant if ( * ) is g-equivariant for any g ∈ G.
Definition 2.2. Let f : X → X be a surjective endomorphism of a projective variety X.
(1) f is q-polarized if f * L ∼ qL for some ample Cartier divisor L and integer q > 1.
Cartier divisor L and ample divisor H.
is separable where k(X) is the function field of X.
Let f : X → X be a surjective endomorphism of a projective variety X of dimension
where
Therefore, f is amplified (resp. int-amplified) if and only if so is f s for some (or all) s > 0. Suppose further q :
n is rational (and hence an integer).
is polarized if and only if so is
Definition 2.3. Let X be a projective variety.
(1) SEnd(X) is the monoid of surjective endomorphisms of X.
(2) Pol(X) is the set of polarized endomorphisms of X.
(3) IAmp(X) is the set of int-amplified endomorphisms of X.
We copy the following two lemmas in [4] . 
Next we prepare some useful lemmas about (int-)amplified endomorphisms.
Lemma 2.6. Let f : X → X be an int-amplified endomorphism of a normal projective variety X of dimension n. Suppose f * Z ≡ w aZ (weakly numerical equivalence) for some real number a and effective r-cycle Z ∈ N r (X) with r < n. Then either Z = 0 or a > 1.
Proof. Let H be any ample Cartier divisor. By [17, Lemma 3.11] ,
Suppose Z = 0. Since Z is effective, Z · H r > 0 and a > 0. Therefore, a > 1. 
Proof. Let U be an open dense subset of X such that π| U is well defined. By [9, Theorem
Note that π(Per(f ) ∩ U) ⊆ Per(g). So the lemma is proved.
Proof. We may assume X is over the field k which is uncountable by taking the base change. Let U be an open dense subset of X such that π| U is well-defined. Let W be the graph of π and p 1 : W → X and p 2 : W → Y the two projections. For any closed point y ∈ Y , denote by We don't know whether the "amplified" property is preserved via an equivariant descending. Nevertherless, the following result is enough during the proof of Theorem 1.2. 
Proof. Let W be the graph of π and p 1 : W → X and p 2 : W → Y the two projections.
Denote by 
Totally periodic subvarieties
Let f : X → X be a surjective endomorphism of a normal projective variety X and S a subset of X. Here, a subset S of X is always a set of closed points. We say S is f -invariant (resp. f -periodic) if f (S) = S (resp. f r (S) = S for some r ≥ 1). We say S is
Lemma 3.1. Let f : X → X be a surjective endomorphism of a projective variety X and Z a Zariski closed subset of X. Then Z is f −1 -periodic if and only if so is any irreducible component of Z. and Σ f the union of the prime divisors in R f .
Lemma 3.3. Let f : X → X be an int-amplified separable endomorphism of a normal projective variety X. Let Z be an f −1 -periodic irreducible closed subvariety such that
Proof. We may assume dim(X) > 0. Suppose f −m (Z) = Z for some m > 0. Let (1) A is a prime divisor of X.
(2) p > 0 and co-prime with deg f . (1) A is a reduced divisor of X.
(2) p > 0 and co-prime with deg f .
Proof. Here we offer a slightly more algebraic proof and it works also over any algebraically closed field k with p = char k co-prime to deg f (so that the usual ramification divisor formula is applicable to f and its restrictions to subvarieties stable under the action of the powers of f ). The assumption that p = char k and deg f are co-prime is necessary; see Example 3.7. induction. This is a contradiction.
Then f is 3-polarized and separable. Let
which is a geometric Frobenius of P A Zariski-open subset of Zariski-closed subvariety of X is called a subvariety of X. In this section, we work over an algebraically closed field k of characteristic 0. We prove Theorems 4.5 and 4.7 which include Theorem 1.1.
Let X be a projective variety and let C be a curve. Denote by R C := R ≥0 [C] the ray generated by [C] in NE(X). Denote by Σ C the union of curves whose classes are in R C .
Definition 4.1. Let X be a projective variety. Let C be a curve such that R C is an extremal ray in NE(X). We say C or R C is contractible if there is a surjective morphism π : X → Y to a projective variety Y such that the following hold.
( If R C is an extremal ray contracted by π, then Σ C equals Exc(π) which is Zariski closed in X; here Exc(π) is the exceptional locus of π (i.e. the subset of X along which π is not an isomorphism).
When (X, ∆) is lc, every (K X + ∆)-negative extremal ray R C is contractible.
Lemma 4.2. (cf.
[23, Lemma 2.11]) Let X be a projective variety and let R C be a ray of NE(X) generated by some curve C. Let h ∈ SEnd(X). Then we have:
(3) R C is extremal if and only if so is R h(C) for some h ∈ SEnd(X), if and only if so is R h(C) for any h ∈ SEnd(X).
Suppose R C is extremal.
Proof. Let h ∈ SEnd(X). Note that h * and h * are invertible linear selfmaps of N 1 (X) and
So (1) is proved.
For any curve (2) is proved.
Note that the set of extremal rays are stable under the actions h * and h * . So (3) is straightforward.
For (4), suppose R h(C) is extremal and contractible by π : X → Y . Taking the Stein
and τ is a finite surjective morphism. We claim that π ′ is the contraction of R C . For any curve
is a point if and only if π(h(C ′ )) is a point; if and only if [h(C
. So the claim is proved.
Lemma 4.3. Let f : X → X be an int-amplified endomorphism of a projective variety. Let h ∈ SEnd(X). Let R C be a contractible extremal ray of NE(X) and F an irreduicble component of Σ C . Then we have:
(2) Σ C and F are h −1 -periodic.
are Zariski closed in X; and for any j ≥ 0,
Note that there are only finitely many f −1 -periodic Zariski closed subsets in X by Proposition 3.6. We have h m (F ) = h n (F ) for some m < n < 0. So h m−n (F ) = F and Σ C is h −1 -periodic by Lemma 3.1. So (2) is proved.
Following [18, Lemma 6 .2], we may further have the following stronger result.
Lemma 4.4. Let f : X → X be an int-amplified endomorphism of a projective variety X. Let E ⊆ X be a Zariski closed subset and let R E be the set of all contractible extremal rays R C with Σ C = E. Then we have
(1) R E is a finite set with ♯R E ≤ dim(E).
(2) Let F be an irreducible component of E. Then
Proof. We assume that R E is non-empty. Let R C ∈ R E (we may assume C ⊆ F ). We have a contraction π C : X → Y C and a linear exact sequence
is a subspace in NS C (X) of codimension 1. Let F be an irreducible component of E. Let j : F ֒→ X be the inclusion map. For any C-Cartier divisor D of
which is a subspace of N 1 C (F ). Denote by
We claim that S is a hypersurface (an algebraic set defined by a non-zero polynomial)
in the complex affine space N 1 C (X)| F and each L C is an irreducible component of S in the sense of Zariski topology. Indeed, let {e 1 , · · · , e k } be a fixed basis of N
is determined by a homogeneous polynomial of degree dim(F ) and the coefficient of the
i is the intersection number e
by the projection formula. So π *
Since L C and S have the same dimension, each L C is an irreducible component of S. The claim is proved.
Let h ∈ SEnd(X) such that h −1 (F ) = F . The pullback h * induces an automorphism of N 1 C (X)| F . Note that h * F = aF (as cycles) for some a > 0, and (h
is also an irreducible component of S. Note that S has at most dim(F ) irreducible components. So (2) follows from the claim below. Clearly, (1) follows from (2) directly.
Another direction is trivial. So the claim is proved.
Theorem 4.5. Let f : X → X be an int-amplified endomorphism of a projective variety X. Let R contr be the set of all contractible extremal rays R C . Then we have:
(1) R contr is a finite set.
(2) The set
is finite.
(3) There is a finite-index submonoid H of SEnd(X) such that h * (R) = h * (R) = R for any R ∈ R contr and h ∈ H.
Proof. We use the notation in Lemma 4.4. Let P f be the set of f −1 -periodic Zariski closed subsets, which is finite by Proposition 3.6. For any R C ∈ R, Σ C ∈ P f by Lemma 4.3. Then R contr = E∈P f R E is finite by Lemma 4.4. So (1) is proved.
We first claim that R 0 contr is finite. Suppose the contrary that R 0 contr is infinite. Since R contr is finite by (1), there exist some R C ∈ R contr and infinitely many h j ∈ SEnd(X) with j > 0 such that the set {h j * (R C )} ∞ j=1 is infinite. Let F be an irreducible component of Σ C . By Lemma 4.3, h −1 j (F ) ∈ P f and h −s 1 (F ) = F for some s > 0. Note that P f is finite. So we may assume h
In particular, the set {( h j ) * (R C )} ∞ j=1 is infinite. However, this contradicts Lemma 4.4. Since R 0 contr is finite, for any h ∈ SEnd(X) and
for some 0 < m < n. By Lemma 4.2, for any
contr is finite. So (2) is proved. Note that the monoid action of SEnd(X) on
Theorem 4.6. Let (X, ∆) be an lc pair. Let f : X → X be an int-amplified endomorphism. Then we have:
(1) The set R neg of (K X + ∆)-negative extremal rays in NE(X) is finite.
There is a finite-index submonoid H of SEnd(X) such that h * (R) = h * (R) = R for any R ∈ R neg and h ∈ H.
Proof. Let R ∈ R neg . Since (X, ∆) is lc, R = R C for some curve C and R is contractible by the Cone theorem in [11, Theorem 1.1]. Then we are done by Theorem 4.5.
Theorem 4.7. Let f : X → X be an int-amplified endomorphism of a Q-factorial normal projective variety X. Then any finite sequence of MMP starting from X is G-equivariant for some finite-index submonoid G of SEnd(X). 
Next, we provide a submonoid version of Lemma 5.4.
Lemma 5.6. Let X be a Q-factorial lc projective variety and let (X, ∆) be lc. Let π : X Y be either a divisorial contraction, a flip, or a Fano contraction of a K X + ∆-negative extremal ray. Let G be a subset of SEnd(X) such that π is G-equivariant.
Suppose (G| Y ) * | NS C (Y ) is diagonalizable. Then so is G * | NS C (X) .
Definition 6.1. Let X be a normal projective variety.
(1) q(X) := h 1 (X, O X ) = dim H 1 (X, O X ) (the irregularity).
(2)q(X) := q(X) withX a smooth projective model of X.
(3) q ♮ (X) := sup{q(X ′ ) | X ′ → X is finite surjective andétale in codimension one}.
